udp x) Bab te Be 


Me 


Generalized Symmetries and Application. to Gauge. "Theories 


(In Nov. Ohmori-san will give a lecture on nor-inv. Sy.) 

QFT <uniersal effective descriptions for quantum many-body systews. 
But, they are ofter strongly cowed . 

9 We'd like to extract a good data characterizing quranturr phases of motte 

space. of OFTs 


2 a 
Lind = space of coupling constant 


, SL phase? gay phase boundaries = locations of 

4 Fi quarcam phase transitions 
n 

B phase land 3 are in different guantuin phases |f we encounter 
quantum phase transitions at least once Jor ey Continuous paths 


commect ing these two points . 


Althoug). quautuun phases of matters ore defined, we need 
“some Thvariants ” te classify quanta phases In practice . 

Corymmecries ave playing Imparant roles. cf.) Lander eritericn. 
Lowden criterion pt of space of coupling 
Assume the systep~ has a glebal syn. G At Zu. GSH, 
and at PASE e GS Ha | If Hz Hes, then gi ard gz. 


belong to ditkvrert phases. 


I4. Low energy theorles at 9, and Jo are» giver. by G/H, o-model 
and G/Hz. o-mode , resp. GM n 


Since there's no continuons space of 

effective couplings connecting these two / g Fe. 

descriptions then has to be a phase. am 
oO o-mode] 

Aran sttion. , There's no continuous pure deii pud 
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Def. of 59b 


D Add sys -breaking perturbation L+¢0 , take 0o 
ond ther £0 . 


epp Go £5 Ga =V X0 7? S$».d5 broke. 


€ ODLRO (off-diagonal lone. range order ) 
be, {Ow Cty al =y?40 43 sym. is brokey. 


(Violation of cluster decomposition ) 
Vd C nontrivial rep. of G 
as) dU» c0 E 
XOt» OG) Zu. = HE <0) ><Olw) > 
= 4009062 
Tsing case 
Sag Zw S(x) 

H»- Wis »- 

E2eli-——2 

^» l652v = ab (> +I) 


LSm)py = + («sie elsi) 20 


Motivation for generalized sy . 
G Wed like to apply ths idea (tke Landa criterion.) for gauge 
theories 
However-, gauge theeries does not necessarily have a good. Sye- 
to choyucterize— Its phases . 


| there's actually a good generalization of sys. providig- new 


Invarants, 
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Definetion of generalized symmetries 


Ud (global) Generalized Sym. we CET 
ET" joo dt 
MART PES 


= Data of topological operators In CFT . 
/ 


tepologices| op. = extended op. O(Mn) 
he alins p" wol at spacetine 


Sits 
COW) ~ -) = a Min) - » 
if. Mn and Mir, ave cert). le from one to another, 


($3. 06X 


Eel — (Coxirwws p syns ) 


delim OFT has a cort. global Se. G, 
2 We have a Noether currert 2 60 
$t, Oy Jack) =0 «5 operator identity . 


We-car constyuct o topological ap. (= Noether- harge ) 


Umer) eee" [us ja) 


code. - | mtd C4. fre Dod 
(E 3ESEO3)& j cav 1^2) Y 


Comment. |, This ib ex, geralicaction of usual Nocther charge (h(t) 204 z) 
X we cake Mes IX, Uot) ito P 
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Comment 2. Vea) T9 copolegical - 


PELLI Stokes 43 op. Identity 
bdo *14-7- d -0 
A 7 "n 
RUE 
Had 


Va z d-dix Volume wiped through cort. olefarmation 
MW. 


Cata > Topeegicalness of Cm) of any AG. de 
equivalent te the local conservation Qu )^ 70 


Ex2 — (Discrete sy.) 
Herr e lec s take lattice description ; instead of continuous Frelds . 
In particular , we take an example of complex scalar Flelde, 


Sc#1= BIW oo + Viliatee) HEP 


Assume that this has A Sym, GQ — pores com 


(esea , 727 
I reolizad as UN) matrix and V(2 t9, faz") 7 Vota colis) 
Now, we constrict a codin- tepdagical cp, corvespordling to 9 6G 


tae a (4-1) dix surface on a dual latte 
IPRC we define bond - dependent hopping 
j LUE NIE ID usn Mi as 
nidi. Jeg cw xf 
that-te opgses boncls 
Instead of Sites . 
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Ste, Us) ] 
-25.J ver) + FI tg MT 


i: I. Víffto, cris) 
We define Up) 08 
S Uy Mel) Dy 055.7 ET Ie g P0 Pe yma]. cy, 
(Ths type ot def. of ops ore. otter called “Wee” ops ) 
Tieren. 
This defect op. Uy (Md) i5 epologrca] 


‘00 This 1$ a d fable 
(Prot SR eee 


perform the change of variable 
Le) 2h t) 


TRIAL — Jy Ye) ARE 
16) Yo")  —.J (fT) 9to 
=I V6 2: Yon) 
> (Ue) 6-0» = CUrpuic) 9104) 
3 Uy.4-) c "epoloaica] 


"à The l5 an analogue of 
«6 ^ = See of oka tas 


v T Up Mae E 
UAI (0) gi qt) re ein 
CHAI = € Ti 


AL fa 
[ss 
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2485 From these examples (Ex | and 2), webe seen that 
Global sp. QET => Existence of topdagical operators 
pisc Da — 


/ 
4 It’s actually Sul Ticerst. condktion. for 
la; i he al fo als Wr. 
Playing the anal. game for global «y 


We ao regard top. op. As Lt Append: 
def. of * gldal Sybn , "we call it gereralizad global Sy. 
From this generalized viewpoint, the Cconvercional) global Syn) can bes 
choracterized as follons,  CGKSW 4) 
def ( Convertiona global Syr iJ 

edi GF T has a global sym. G 


For each Mur CMY ard EG e there ie 
a tepelagical op. Ue (Mu-1) 
" j 5 2 te. op. defived by OPE. of 
Chay a d» "Us Udo) 2p Uy, ond ys. should be Ong, 


Fe 
a by aang move 
general fasion rule 


by acti Filer codin 


LT We have c codi | [tp | UE UI D with. the gue like 
fusion vule . us feature for the sym. 
(= conservation law) . 
Nor-trivtal cocycle. m TOM 
Us, Ups. - e Figo) Usa. € This sym. G has an It Ebokt oo. 


S H'tes) 
/ 
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Various directions of generalizations 


2x Seco en 
e OV higher codise. . hey — y^ N^ l^ s EU 

d "a blero "p * ki the lecture. 
E esed Higher “Gr Syr 

| general fasion vub- d 

p*eerEPREUS S qi fcEE TEES, 

or Categorical) | Codi Vs, lor higher Cotegerica\ 

Syn. Syr- n 


"ma form 
Def ( Higher - form. Sye Jj 


d- dim GÉT hes a p- form sym. G 
tos pt) closed wel 


B For each. Map-| CMa and 4 € G j 
there 15 a topalapical op. Ub (Ma-p-) , 


| es Wher. we set p=0 , 
| u is deh vedlyoes to the 
ee RA dchicbaitlonll rli 
2 GM elep-1) 
c3 ps 
CP T 

(p- olir objece} 

Comment. f. 


Oe 
Higher - forte. yes (p21) does not act on local op. 


= Xo => x 
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Comment 2, 


ae 
Algebra of higher - fori sym. de Abelian. . 
a eee 
2) 2g 


Exowples (conti and discrete,  G=UG) or G-Zy) 


eel (80-00) 
Maxwell theory « Ut) garge Feld 


ahis is (42)- fàre- 
Ey EoM , d eda) =0 EM tes the form of. the 
conservertion. (aw 


Lv 
We can define the codiin-2 top. op. 


by Use(Mia) = exp (ze Ltt) 


tovdogicalness * A 
ri " ER egy di st. 9T Maz - MIC. 
Use (a2) Une CCo) __ 8b 
sd s Agoda St E (tpl)? ; 


Syn. group is U0) becouse €~et2n 
Cherged op. 1» giver by Wilson. loop We) see 


c d this how to be 
Let) . fjejee-au M ie piss 
A ~y ee Weve patting le vetrtanoc- 
] a dleceric change = | 
Qi Ma) ortega > git@dle = ett 
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This system i5 chen called the electric UG) — I7 ore. sym. 
(We denote itas. VWF ) 
Comment 
Comment 

Mawel theory has also magnetic Sy. followed by Bionchi id. 

d (de da) - 
T 2-fre 2 d-(d-2) = «- ga 
— WE hoe Ul) (4-3)- eie. Sy. 


Ux (Me) = 2 Is 


Tt acts on ‘t Hooft operacter'S defired oh. C4-3 


(4-3) 
Co =pt. : We remove this point fromthe spaceting 


(ie. ' Hoole op. o defined as a dece op. ) 
and we put a boundary condition. 

$e duet [5 Ha = mZ 

poogretic. cha 

THis spe. called "mt ii 


EZ... (Zw Firm spe. of SU(N) YM) 
We consider lattice action (We salse. Wilsonian. action) 


EDU 
codes top. op. Uk (Mul-2) 
ye ality of rep. 


$35. Zeb] 
d». Ze La ] and — e Um Ut anal N 
re ra 
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Sw [Us] z F ams Zs flew | Buono 1 


6773: P m choy ees aralypite- oF 
tere (IK 
w/ Ox gn = us Us eR iv Vayr ney scalar i 


Up e sv(N) 
Construction. of codi -2-. defect ge A 
We twist the hopping 2 as Fallows ; Sel eae 
Ce = e if Li 1S not plerced. by y 
d if Eh 


(Udder) 7 2 [BU e i om Dita ied 
Theorem LU ( Mya) -tepalagica/ 


Qs om 


Ux, q^ phe d 


om 
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CammutatOrn relation wi Wilson lecp 


ws) Udy < 
d ————5 


a f 
WE (c) — tn ( I poi | 
RO ce 
EET a 
(g^ ] +r, Pet ) 
^» top. op. UsMaz) measures the # of boxes mod N 
for Wilson loop . 


Physical meaning of Za (This is called (Zi), ) 
Classically , electric charge ts specitied by Rep. (SU(N)) 
time BAA 3 "- RA Ad. 

ME 


N- boxes 


R 


|e|- |R&Ad.| — — 4 of boxes mod N (EZy) 
cor be a good quarti number . 


seh When we howe a continvonrs bal syn. G , " 
L ? 1 &— jo. 5 betler- current 


we carn consider the partition function w/ the backgrownd G-gauge 
fed A: z » — Scart faye 4 OA) 
LA = 
- Jag i Be iced coupling. teri 
Naively , ÉD] Caf tA) +00) ) = ZA 
= An oo 
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ZU Generating functional for correlators of Noether currents 


^ 


Scis dx NUTS ~~ Jan (Xn) > + correlatar Tnclrding A 


We'd like-to consider ZEA olo for generdised ye G : dixrete | 


Figler-for-. "i 
higher group 


Symmetry © topical operators 
Bockgrownd gage fields > Netrork of copebgrcal op. 
(154 tke to give a convincing arg. for Ths valdicy .) 
Ee (Scalar theary w/ sp. G on (attice ) 
p= 25 J vut + VG, ad) 
GEG acts as V) Ft f») and Vegty (gf)! ) = Viv, gt) 


Now we- Tedeodce, the background Bs Ae ld Jen 


E CEOS 1 ‘i Jag e SET Uap 
v/ Bre ues J 
= Zs (Cow yr Cn) ni uL. V9) T a View, vs) 


When (à 1s discrete, let's restrict our «tercios to the “flat” 
SS 
Gouge field : i = 
yv. +, ot a =0 
tes Cy = Uy UardjnVxgav Vip =1 EG 
x XtA 


Let's oll an exawple of SAC. o. configs ( 
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2 
Uc. 2 Vox XA 
ft. A ia s sol Lb 
(gg = 0 D NT » 
gk. up rre 
ho dx oe 
dh s el " 
kk [4 rl Y 


k hk (lot) 
E THs is aw eme le of the network of top . operators 


x 


Ler me give ts corctinuur Interpretation. 5 
G gauge. field. = Comection of G-bundle over 
n _— spacetime edo My the spacecin 


on each pote URS 
An. * Ge (8) - valed Grp, 


on LL 7 Uk NU, d Vip? G [oveshie reel.) 


w/ the connection formula 


Belus = 968 lu lamp tps d gas 
ow Unga = Van Ue Ur ) We Twpase- the cocycle. condrtion 
gop for gre > | Capo - 4) 


x Ol^- the lattice , 1Uc S contain. the both data of 
fAxS and {ama} 


3 2— Uk 
gE 
DD. 
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for sie ylizity " let's again vestrict our arttertion. when G 
i descrete . 
~— An 70 


5o all data of G-burdle is carried by Gap 


PP Gur gye ^ nahe, but the 
flatness cond tion. 
for the network . 


Also for oliscrete sym. 
A = network of top. 6 - defects 1 
(= spectfication of the ~vansttion. funetion of the G-bundle. 


eo = eo] 


heztwop e. 
J's now easy «to geheraliza, Tt. to discrete higkoy ares. Sy. 
Backgrowd gauge field tr ZA, 
Do = Network of cool-2 top. surfices , 


ZDp] < partition tine. computed with the "twisted! bc, 
Specified by the network , 


[> —— THs Kinds of deformation. 2 
2 srovstormation. for background gauge fills 
" um gouge [ 


( 


Lee's try te Compute Z[ background gauge Held d 
for several Simple examples : 
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Las consider the Tsing model the ferro state. 
Pig) eo ex fiu Fox) 


^ 
Get] 
This ts manifesel: 
ZDAJ = E. e$» (ftc) U tx?) C (x^) C bacon soph Te, 
L3 tty) BB 
Üsx-:1 =) A has tobe Xrivial 
imn á( AER up bg gage trate inate. 
—spacetine s T 


Ye] > gouge le. data 
aid lA = Or T 


Ki i PIS 
y? € Ci Ute) 5 d 5 te. 
t| 


ra we take. f A 27 (nontrivial "twist. along x direction ) 
(on 


oeste wall 2 created | (A-9) 


Upex) = -1 | 


€» Ja’) = ea & J = fig Gero ) 


(anei- ferro) | 
Efe 1 p XT demaincwall [95-909 
F4 [5-0 aaa d 
Theoren gs gbbal ye. 2 aEsif etian 679) 


ssp p Tee 
i. H €» Zo OP > Sra 6 Hy) 
Uto cireumvert the suppression, A has tobe the gauge fleld for unbreken Sy s ) 
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Zea = ei like x Fa. s A1 
f ewisted bc. 


Por non—twisted case, Pas. = ground state energy for fera. 
Por «wisted , Eas, Fol aor +t dowain_wall tension. 


Bx Example of SSB dor higher fov. Sy. i zip sb, l 
We can ensil Y realize 1t. by considering the Abeltan —Hiages model . 
Perd us zh URN v^ + Vtpr) 
opr stab. UO gauge 

"on N 
“this medel has 22 Syr. | 


Tf we consider Q Tn wane 


this b nat. changed by the screening * G--| 
of ee (uoc. Zr uote. best. ye. that epesrenres 


AlN of" 


Uu. = -£€ Ter EUG) 


~ Wy ec 
= Mewwell theor) a 
T “x : r4 7 Anm 
H Us 2 P is Uu? inv. Up c2 oe P apa 
| “ZN CU GEA 
ia | Da? [x Bly» (Urn) Yea E 
UE NE comes trom the hopping 
Ua 


THis lattice construction give the justification of z. 


Pape] = |Db Da enp( fu. isis 
Se Nudes diee 
Lee's derve the IREFT c= "ca focus onthe UG- ual 
/£- Carn Onn U nee 
Ly Set = Ff (dep-Nal* pe Stop = diy acai 
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5 st 
f EU 


(Gererahzed ) Syewetry = Tepobpical operators 
Uta) =p) — € 06 ap. Mertity 


ado 
Consercional Sj. hy p barn s ain nila 
Sas a example , gauge teorie: 
me V. Sin — telat cot. Sys . often have | (-form Sym 
For group ike sym . Ciel, O- form pect eis 


Network -of ep) = background gauge tells 
is i eather 5 G- belle over spocetine wd al 


^ 
* ‘ De local diff form 
ded -Otraséitib. Func - 
ud c css 
G-sye. QFT €& " « fivctoo trom Bord. cat. with G-str. 
to Vertor cat." 


Zim] - €fAj e C 
ZYA] nicely capture: the Vacuuin realization of Sym. 
Geet e finite 


els G@ S223 ssp H 
z low ene 
TAI ZUM, D. s 3(A-a) 


foo: Pe fA Fy) 


TEE parameter > this 18 TA A non-trivial reps of G 


v 7 dove. wall must be created somewhere 
6)? 
( (Quy f= E 


TE Aharoney Bohn. phase by backgraand gauge Field 
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Example fr SSB of |-form of, (BEBO 2) 


chovge -N Abe lrew.-Hiags wode| 
Stra] zr [Gc iNo) el^ +V (ei?) tz zg dal” 


20 Bs [^ P 
Teteibanur UU) gouge fel 
V0) eve formation 15 Qt aeu 


ical. scabu- 
(fi) — €- ang) (ftx) 


This mode] has zi sym. 
fie Ut) 2 4 |-fren syn. of Moxwell 
We con Trtreduce the network of conl - 2. topobgical detects . 
t- Zn 2- orm. gouge field B 


Comment S Ta general , for p- ori Sys , the Corresponding. bo. gauge 
field is regayded as (pt!) —form Flelol 
For O- form cose, 


An 
Ne) die. surface. sigan | 
op defect 
Tn genera d Poincare clualey 
f-farwx <——> ep) - = hon Surface. 
constructed by piede traveverse 


olvection. thr Aw 


We caw rset lotttice pog to see this wore explicitly 


peas pipoquetce F $9. + pou 2, (til 's Tig tet ) 
(ale) 
X4 
TZx, Zs VW 5 
efr € f / pim i E ua At U- ui \Zy phose tacers defined 


on. plaquettes . 
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i p 
eH en 


UA 
er 


Wher Higgs potertial 1 deep erough , Vela 
hu uo A o. 
^s Bef? 285 | 
To see this, lets take the IR [iic of chenge-N Abeliar\-Higgs 
wedel (423) 
dup ER 
Vilel) = A(le^-v7)* — AI 
> Classical vacua, can be parametrized as 


=) Adeo 
tfi 
ueque TS T 2 -~periedic scale Miel 


Neglect the radial wetion ort. the tree — eue 


Sur dal = fa ^44 +Na| Pelr]. 


Lted-Dv 1e ee Gouge "ose actocgha* N^ 
ds 423, 


4? koe mass din , 


WR KO tage: er SE we 


Tr. order to take. Y—00  correcth y We Wetroduce an 
ay 2 em 
auxiliary fleld ; yh ct MAE: grin 


e Pru ii Dh EL x A Ss Aj wh 


> olppear ] LE Uu nw, 
hs teri drops. 
EoM . 
(FM: | 8 welded ta) ) 
"Ep valued 
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Therefor, IR effective partition functio, io given by 


sl 
= 27721 haldé+Ne ) 
E De E n cJ hale raise x 
VIVEP-- 
jeu baa tee 


This ot-tiors. does not Co LATA any divverssiondal [parameters , 
"This Ts ot^. ees ple. of TGFT. 


Let's study the behavers of this effective theory. 


Mof Kh: dptNa =O Wiber lp cho, 
E = 44r fe a aun d 
(Wao» = Cet?) = faba 
n Zl if C Bnet 
et fa & contracti ble. 
This can-toke N aes vales . 


(ssp of | fom Sym ) 
We) : charged object of Zi sym. EUN 
ES Wee) 3 pe d. Tx Avea(C) avea bn 
e^ x Length CC) power law 
ZI i broken 


ih 
Possible TR behaviors of loop op. ir popped phase 


coment. > This def. of SSB canbe regarded a5 the higher 
forw. generalization of 588p by OPLRO 


be2198o tee NOSE 
(uus. 716 T 0 UTR. 
^40 broken syn 
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Let's perforvs. computation. of 2B] (partition func. wl bg. 
gauge Field ) 7 
To do te, lets derive. another dorws of the EFT. 
Instead of integrating: out hW first ; We pertorwn the pach ire, 
fF atthe beginniry . 
EM of €^ ° a. e.) 20 Thisackecd 
Zr 
(4-1) — fon 
— h- Ab (at lease locally ) 
Globally , Fe turns owt that hedb w/ bx UG) (d-2)- om. 
gauge field 
Rough Idea \ 4 ^ tog redundancy 
p= + Zn2ani 
Ke =n £ 
spacetime = 


Jag s= 2, Jn? 


after SDF, £a requires that 


| pre Z Di intizatle 
— —) D QN, 
2K ie € lida condition. 
LU 
ceed G1) is. sub whe . 
gouge charge. of ke 
Therefore , r1 idi 
i24 ) bade 
Ze [Pex e » 
LBP theory 
Ut) 2)-foren 


gouge field — VI) Herm gauge tel 


In ths IR description , we can Write down the enplicet form 
of the Zf'4 Byrn, generators . 
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UA. (Mu-z) = e^ le, 
oTopologicalness 

BoM of a > db=0 Lá 

Uk) 2 Uk Mae)’ P 4l Ü. Ca 2) 
eZy fusion vule, 


UU! = Uc! 15 abvious 
UEBy is non-trivial 


(Wil. op. for b) 


Now, we can easily evaluate ACEI 

tene of spacetime bg. gouge Held Sor ZK" 
Me CAU network of Sym detect 

m = AF > noretrivial Flax 


ul 
E 
2083 en ar L 5 e» N 
"Zco] [vu c 
E anveverse Ol 2)~ dir 
= [252 e oa Ti T 
2B. 
= [E e, 0) 
Other onpresrion. l-Jore. gauge trand. 
b: 2h gauge Field Ie Pt 
aA 


793 Dez pn ^3 EMof b: bz =alor, Ge. Bis in a pure «ug 
-2(b 
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204 Physical Interpretation of 5(B) 
Wie) = e^ wien lege 
U Q2) = PAL S Ares, generator 


qnie E 
bay 


surperconducting- Vortex must onist 
Somewhere 


b length of troveverse direction. 
Z Crorcevivial ) Bi] = et^ sha i 


Vol 200 0 


We car recever the SP of Z2 ^ defined by perimeter law 
by $(B) -behovior of fel . 


Application ot these techniques for SUW) gauge theorles 


2 Give cartes. description of ZA - gouging C Kapetin— Fiber fle) 
2 Derive ow. t Hooft anonaly between. ZR ond (07-0426. 
(TTT ‘I7) of 4d YM 
2 Re -derivation. of Wil t Hooft ortterion 
C Ngay "Tani, Drsol 123) 


4d SUN) YM Adj. wetter 


T i 
electric Zr a yw (This 1 seen Tr Wilsersqar laetice ) 


Tin here gong to giver COCA. description. for codin-2. top. networks Do. 
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Preliminary exomple 
% > ¢-valued scalar 
B= Sle e A (gren!) 
Zn se. Pf— effe (cut eer) 
— Les lvavodlce- bg. Zy gouge del 
se pee field seers to be a pecia| ca8e of Ul) gauge Tela. 
I5 vealieo 1€ as A pair of Ut) gouge field and 2x - periode. 


Scalar. 
Aww = (A, 4) wf NA = d¢ m v qr 
UG e. 27 cli Abelian - wnode! . 
da pec ge 


We can couple (A, ¢) 50 that Ut) jeg wy. under 
A s Aer periodic. scala 


$— $9$4NXA. 
Q— ge 


Pte qup = JI tp (o trt tnm) 


Face Any network fr A cote. ees realized as (AA, d) with 
this way of coupling : 
día. M44 c d4A-0 o se Ais hat. 
Flat Ut) bdle con be. completely specified by travsrtion 


functions . 
The extomple suggests that ZN gauge fields accepts the 
continuum description. by eu beali Zw c Ut) 
Ln general, Zy l- forie. gauge feld o realized by « pair of 
U0) ke fores and st) ore gouge Tels (BV, ph) ) | 
with the cnstraint NB™ = opo). 
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4d SU(N) YM cowled w/ Zn 2 mv gouge told 
A pair (b. C) w/ — NBede 


Ul) 2-4, Ut) [+45 
gauge fold — ge fel 


We ko. peed to casider Naw these. fields coupe to SU(N) Pw 


4 ^ 
ELA cd uda pes D eget 814 
WE sie locally a 

A = a the pm 


i 
U(N) = SOQ) XO(l) 
ZN 
We need to speci y |- form gauge. transformation. and achieve 


tte Mvariance | 


pee, One ee 
C d tNWA. z— This i5 specified by NP «Cc. 
A> A+Ady 
SUN) fold strength fe den t tan 
V 


PA 
UIN). field strength — T c dA AAX 
Under Ut) | fere. Gauge Trans . 


£ — d (344) 4ÀCR A) (844 .), 
- $444. ERI CET EA " 


E 


We cav how construct  U (0) T wv. action of a 


SEX, (5.c)] 2 v8) * £5] 
4 46 [al (FB) (FB) | 
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A - Fa U Bep) 
Z2) = [DX d(stan-c)e Per 
Vs 
Were. sawing wp all VIN) gauge flelds QC wil the corstraint 
«D J=C 


Comments or the global str, of gauge FE: 
(cf. Ahoveny , Retberg , Tachikawa '[5 » 
SU(N) vs. Sun) vs, SUN) __ 
^N 


EA 
f ali 
17 yeu work on YM + ad, matter , SUN) i5 the wnigue opta. 
14 you werk on YM-+ od), motter-, the locel properties ab het 
specity the glebal str: 


Lee's start trom SU(N) YM a De 
v 
Z-tp.o) 1 (Zy 2 dorm ba. gauge field ) 
We caw per form the path. int, for (B.C) to obtain a new OFT, 


Anew OFT, = [ni 2e ÓNb-a6 ) By [lb-c) ] 
SUNVZy YM 
SU(M) YM 
UI 
WC x. Wil. leap op. for test electric particle . 
H8): + lott [oop op. Chon geryine-) 
C98 for test. wragnetic particle . 


^ 
This operater “secretly" deperds or % Surface st. 820 
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SUN) YM | — (& bc) Nbede 
moe 


tra) = C 
Ww (cf) = We) cg? 20 Whlon- lege 4. (rovs gerne) 
Cast pet A 
H (e) : t Hos loop ge. 


ju 
z^ Mog. : 


In general , gouging of DN in doe GET T, 
fe produces qnatker l-afes GET, | TE / ZA PPS 
which has i dual v ZN Ceep- i Sy... 


Simplest eg. — 24 classioal Deng 5E 


Tsing (2.02 oe Lsing 
Kramers dias duality 
" zz 2 geuge- ME] 
eb Eq oppure 
= (prt), p() V, Np? = (BY) 
Toa = f Db DLO 6 (ub agp) Zr peter ory 
= [a er D) nif ?oyel ¢ ES à [en (NF. A), gygy "n 
- p man At dd 
d - 41 um ") -0 
U (Mp) = pm is a Cop. op. ica 
d(hep-2)-\ > This b A generetur of. (-p-2) fore. 
Syn of Ten Fed 
zy prd ; 
orig rà [fpi jérd)] bg. expe fell 
jd Top ^? ppu-r-2) 


Zfr, zf z [: aye f E air in origiral theory " 
Eat: (ada p2) -2)- form syn. 
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Ya To study possible anartur phases of td CET w/ Bye aye. 
Gx particular , 4d SU(N) YM 44}, water) 


We cancersidey — TED i partition fare. w/b : geom Tet. 
eh ege tell. 

a pair be UW 2- forw. and |- Yers gouge tidds (B.C, 

wl NBedc 


For 4 SU(N) YM ; iE 
SU(N) gouge ted A => OW) gouge Held T= o o3 


b—bPp4A., C—CTNA. 


Z sup CB = fox $(e(&) =C) g ^" ra, p] 
v) 2NB EC by perkrived 


faf-p 
Global str. of gauge a y UQ) Eos Didi 
SU) YM eo SEES 00 qw (fiet 
(mi. jactor- acts ( (Zi )anag 
Wt) *«LPei$ 1 | HC): let op. 
H(e.8) ut Hoot, op: is not \ Ws) N Wilsoi^. loop lives on 
genuine line , but thebolry of surtace op. 
Rs a balry of surhce qp. i e 
F4 


This op. lives orn bdry of the p. Bow ect. op. E geb 


x Lau 
is a e Jd generatey- is generator of Quas 
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This wild surface dependence explains the Wilson. — "e Heofe 
Commutation relation. between. WiC) and H8) 


In op, formalisin , consider operators CAL. € Hooft. ^78) 
we), Bite) 
then, -the- equal time commutation relations 


as A ^ i|; Lal 
we) Ate) = Bteowteo col nitore!) 
tine 
mpi RGR ET 2 oe CUN 
B P 
Space 
2 Fit 


Tf we believe that both Wand H are genuinely mes, this 
commutation. relation. contradict with locality . 


Explicit form of the dynanical gauging > 
ErDb2 
1 dynovrical pou 
Egg Lg B | t—— bg gouge field of the abl zi 7 em. 


= [Db e € ex Exb 24Cb1 


Zl often. omit the full expression. bel . 
Lc. the previous lectures, 
Zo ={DbDe } WWb-de) Ett d] 
Gouging of Zy is eevee operation dis 
T wl gpa tm UL “del, ae add 
fara Zar bati edel pn fae 
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fep?) 28 161 = Pa ein Sb 2, corp 


“Spb De RIS AIP. a; 


eae IPAE) = spe) 


=2>7 UBI 
il Tt change cory . 


Mired t Hooft. anomaly bhy ay? and O-periodiciey O~ 042r. 


" br ) ond Dashen. phenoinenor 
YM ey do Lorlhat lt Bolt J 


n 
pene total derivative 


e» O plays ro vole 
plays ro Li nio erm 


Still, 8 has a nontrivial effect on local perturbative. dynos 
(cf. ^t Hooke 2 Wetter Inthe Vs 
Te. lange-N litt, the ground state energy becomes «5 
; = O(N- € 
Eos (n7 OP) Hh gm + O(c) 
YM topdegical suscepeibilrey ~At 

However>, we devote that 

eV B60) 2 aig) 2 - [da EF zeli) + welt) 


=) 2(o+2n) = 29) Winding. 4 oF SU(N) gouge fields 
Te. Eos, (@t2n) * Écs(g) 


T 
This requirement Seews to be Tnconsistenrt with the [ger courting 
=> wulti-brach structure of YM vow. , 
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< Zn (9-2.)* 
i Byos Corde ting. VACUA 


+6 (Wilson Ime obeys aren law. ) 


Maxwell action Tn Mink, 


P MEE * RP eu 


= J(?- 8) «*8[À- 


canonical cor). of A 13 ^d =A+OB 


at finite €, Eis ole oreet 
from E-À 


We how ge a" field theoretic proof " to see confining vacua 
at O=0 and Ü-2r. ove ditict a qiue. pase of matter 


4 

To this purpose, lec descuss the possible counter terms that 
consist. only of B . 

we'd like to extract x" rigrt data” from Zeca, 
to find an index destingulshrg di eyevet. phases. 


Ps wher ZA 222 > qo, .wefkd 2tp7 50) 
NE JY 
= [we 
In ow current terest , a G unbroken and ager 15 gapped 
Zre4 2 e [local Logrwgiar. of D ) [ 
EL broken tok A votum t broken ZF 
label t BEAD 
unbroken DA pi Ws 
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Rough idea. 
gepped | all correlacers olecay ertponenctially fost, 
unbroken => Correlaters sotisty cluster clecomposition 
properties. 
ZDA] =A, --AnSai ~ n? 
RR SSeS 
- ehh (local "biles ) | 
St thus Teportarct to essi y posible Tore. of lecad Lagrov gines 
of B. 
Thus, we censideyr the top, action 
Sup = T m i: BR this A 4d. analogue 


and k€Z corres i level ) 


Requirement of the gauge inv. 


Gouge tras. po BtdA 
Bep MAI = th Te Eo BA + (dA) 


= Stop (BJ tk) NERA 4 oo fln 
L5 J a 
EMT Vl) index thin. (on Spin wd) 
Dirac quarstization «xd. P 


2qx X Z 
Tf k€Z , der. Pwrtp3 i» gouge WV. 
kEZ js discrete. <— This comot be continuously changed . 


Y4 k's ore. different bAw twe confining van , there has to 
be a phoe transition . 
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kee bth (Actually, KEZN inseead of Z ) 
if kN, Nec. Ut) jnclexe “thon, 


" J INE 
for = MU fio 2 ak fuo oux 


Sy. REEL UP = 3g | 60 k~lktN 


Now, we derive the following relation. tor “td YM (+Ads. mottter ) 
We denote Hts partttion Jwc., w/ Bat O as 2g lB , 


ks-l 1 k=0 f k=| 
On 2 07-0 07-2«. 


x fe 
There hag to be phase fronsttions Separating 020, @=120 . 


as lngas VADO Ts kept intact 


La 7€ These distinction b/ classical actions of topebgical gouge theories 
are called «s SPT states. 


Proof of (E) 
Well show thect 


Quy 1 > la [(F-B)(F-b)] e fe^ 


(cf, Var Poo] '$2.) 


Fp quartized 
Once Tt © proven. then 
Ep 51 = [De oF iae DEI tone opted 
drm _ A oa E 2 seen 
= pst oem efe). 3 Z ATE | deu. 
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Gp 063 - A lol PBF 4p^3, | 
P 


N 
Em ALB N 
S " oc 
SUN b thon. o, 
JN. fuz. 
[Pp T 7A 
The relation (x) 15 called as c gererdized mixed t Hooft 
anon. blw ae and O~ OF27 . 


?34 we promote 0 to a periodic otor. field wl Oe) 7-68) 42a 


Ayreon = [Ta e pl S el d [e CAT) 


(Gad 


This system has ar? and ZW x 00) — 669 T 2 
—— d 


This Ts a globed Sym, not a redundancy . 


Zym torn CBAT has an "t Hooft. anom , 
wes [ptdA®, Ada”) = o atte JAAP Rs [pA] 
The anom, can be caweelled by Stim topobgical action . 


Bam Je. [AA s AE B^ 


C$ mu ANE sum) 
* Another remark | Lf you considey~ N= nA theory o, 
(SUN) YM + arcos ool. Weyl Fervor) 
ay X (Zin Nene 
B A ~ don called as Repos. 
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There's a wixed anew. 


Bu ARMAR SZ 


2H Cord ining and gapped , MANO. matching. reguires 
ZA, BN drame e 
a | CAR = Ae 
Au € 1, 
fermion. parity , 20 thls cannot be broken, 


(Lorent2-inv. vacua) 


(leben 


" 


Appleations of Zi"? to derive the Wilsan.- 4 Heft. chesifeattons 


^t. Hooft. observed that 
Wie) Lee!) = Ace) Wey e 
^ ( Although. the fell lowing argument 1s Incorrect . ) 


25 (s (e, e) 


TNs relation. requires ‘the Area law for lat least) one of 
Wor H — (kx) 


We now classify loop sp. by p x Zn 264) 
dd 
changes as HW = Wome) 
Pha, g's MS 
Wit) CC). Wi )( 67) = Wim ene’) Won o) (6) e Eme 


1f we believe (kk), Tt suggests that at [east one of Wiz) or 
Ww.£') Should obey area (aw unless 
aw NE <0 med MM = ("wutual locale" ) 


a] gayped vacua dre classified by the set of docortined lines , 
and they be specified by the order -N 
subgroup of iy X ZI 


Yukawa Institute for Theoretical Physics 35 


Kyoto University 


genuine [fre g^. 


He) = Una 43 (4, 4) 5 C Zi XZu 


aed N Integers La (o^ ,0) + Cok io) = (eregk, 2) 


(eng) oh = (xl) gh = (ky! -x)N + Cy toy) Aero po 
eee 


In the corrected versio. , this argument Seems hot to eh 
the gapped vacua in tt only Specities the choice of Huge grp 
wl discrete O--term . 


However, Tt. turns out that Wilsan-'e Hooft classification of 
gapped vacua turns out to be justified for 4 OFT wl mee 
(cP. Nowyen , Tarteaki, Ursa! ) 


Ic 
Theve 5 A one-to-one correspondence blw 
- Wilsaa — 4 loft. chesification 
and 
SAB of ZA? sym, By? Blo ZT 
stacked wl an SPT state oF the unbroken sym. 
(Adding level-le SPT of Z4E'2 ) 


Preparation and As 
When ZA OP > ZA , the TR theory showd 
conta a TAFT 
A winimal scenario 1s vitis by a BF theory 


24 > fr na eb Joe 


Asa gereralization of coset d^- model for SSB, we Saut have. 
T ee 
^ AN 
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In original theory / k € Zo acts on the Wilson. loop as 
We) et we) 

He By SES ZOO aes hat 
‘We) 15 cedes (as. W> e^ vw wed ze) 


but PSU should survive e the IR limit. 
WE) he esos. (oe. W^ W^ under ZC") 


Therefore, we'd like to Thencify 
Wc) Rete, Wie) = 2f v TAFT. 
ptrivial p. UM 
We (wry 2 (Wel)* -1 vw TaFT. 
Ups) Beis SOME 
We now oou the wininal scenario for EFT of zpZÁ 
Let's couple B for Zit 
wil) ~» we) ef^? 
LRG flaw 
Wt eB = that Lh ms should be gage 
So b PA. , o xn 
"Thus, the wire] coupling- procedure suggests . 
Zef 1B] = [Dh Da. e RP [o ect B) <(.. ) 


potentially hon-winimal part can exist: 
As as. exte tere, we can add a local counter term of B 7 
Aue 16) = [Db Da e EP Shale D). "ui [BAB 
This B not N! 
A(nB ) 
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Gauge my. of Eft (BI 
OD fertorin SPLDa inctegra| » and then 


Zipp lp] = Ó(nB)re Be) bab 
——— | 


river c eg 
^ 
Zest survives ony if Dis + Then, the ts well-Lefined 
la and fed of A ge aie counter "Ce Ws. 
unbroken. subgroup 


c) Equivalerctlly 7 one car check that the Following transtormati 


BO BtdA. 
& — o — n. i 
b> bk da ee eee 
Nin 
Claims (ReBrveetion. of Wil t Hed abestlisiéon. ) 
For the vacuo. described by 


Rapt] = Sono) e IP 


zs, SSB 25 \ stacking of leve|-k SPT 


the decortined nes Are generated by 


we) , He (c) Whe) 
line op. with thepermecer bw N The perimeter law of non— 
genune lines detects the 
level of SPT state. 


3a«R 
"lo prove this statement, we considey the Following spacetime. . 


We can use effective 


Me = Ms X58' ; Ger 
$i. thes) >> ske(S) >> _l dares 
Cee W006 JAP 
L- 
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Furthermore , diee size (M3) >? SieSD , we can elbctie 
regard our theory aS Bd GFT defined on Ms ; 


Tn this set wo, we can decompose the bg. gouge fel E? as 


B= Paw ^A ae. 
UR eap 
gpa op abe: space —twe component 
component 
We or take a gauge £0 that Bm, A are t reap. 
"E * Zy 2-form gauge Tie on. Ms = by. of (Zi bsg 


A : Zn [fe E = b. of (ZA) a4 
L———— — 


In old clays, what people called the center sy. 
TRIN (z^? dd (Which acts on Polyakov loop ) 


( 3€) - 
Comment 5' qerdw a MA OF OR NR 
] I " op. From Sel 
In general y owe take B'- compactified Viewpoint 


epacertine- for dodi QET wl Za spn. 
Ther the effective. (4-1) din GET enjoys 


Lp- 
ae TIR X v^ "nins. 


Qi) acts en the spacial Wilson loop Wc) w/ COM 


(ZF ey actson the temporal Wen loop (= Polyakov (oop) Fe) 
w/ x Cs 
44GFT wl z^ 
(large enough) B canet fient an. 
ad GET. wi GEN. 7) X (Zn?) sa 


fol = - ow^ i call Te the temporal 
b zs Jad INF rota an syn, ) 
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(magnetic) crcl syw 


a CFT wl CE) x (Ze a (4-p-2)=| 

30 
Bor Be 
The corresponding pertition. func . Des Zo Ee, be) 
i» given. by 
oN BoA 
ZH LBC, Bal ]2« cibos 20 Patan 7 —@ 

B (nm 4d) 

Coin As v gerere] property of Ze CBE, Band , 

We Co^. prove 


cor TÉ Pan] 2g O e. real oval posttive-) 
This 15 a artcone of reflection posrtiity (he. unitarity) 


Lee's compute ZeH [feb D fr 
ok " 
Zelt [Bat] = $ (nut Je te) Pa 


L 
ink. Ws 
Zell [bet 7 S(nBee) Send) et 77 af Baal dE 


2 Si EeJátnA) € Ee 


> ZH LBS, s = [y E To Sap yS oun) NL 
-$txbe) Da Sram) (komt HE) 
2 (ABI) 8 (km 1-8. BE ) 
Tn 34 QFT (3), we find that ordey-N subgroup 
qe ; P ad 
De? X4 22> Heu) = 1x tno) ey C401) 


Yukawa Institute for Theoretical Physics 
Kyoto University 40 


Comment 
Comment 
Under our assumption , we have shown that 
Dy X Ly 22> Order-N subgrowp 
This Ban outcome of 4 Lorenta nv. 
For example, TF zn xe ie completely broken, 
ther (Zii'*)ad 0 (By ot SB» (BPP?) 34 
— \ 
Spolce- ne D contned temporal part is decortined 
this mu contradict Wi the. Lorentz. Tw. 
Comment 
Allof these possibilities tathe Wilor- ^t Hoott classifications 
are known to be realized as gapped vacua of 4 SU(N) 
gauge theories , 
As an explicit realization , They co^. be. gapped vacua of 
4d NI SYM theory . 
Soft -breaking trom N= SYM to A^» | 
(cf, Doragi, Witter ' 15) 
Remark 
Here, we assumed the minimal scenario tor (OF T. associates 
wl 88B ZI ZA. 


By considering. more general 4d TAFTs for this SSB, 
Wwe Way be able ta refine the. Wilson-'t Hooft classification . 


4d TORT 15 mack Simpler than. 3d TAFT , 
i 
There ore actually several papers olatiining thet 4 TOFTs 


- ecely Classified \ Mathemarti 
ens eee Eo Hos a 
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E (ue) = Smpe J^ 
Spectty unbroken sye-. 1 This can be easily deterwinod 
by area VS. periineter de^ w^ 
How Can we deteywine the APT lelel k 2? 
5 PT 1 4—— bdlry theory must haye, non-trivial loug-renge 
ann L5 oxcttation. . 
inflow 2, (opieal eg. for this case 75 SUN ES theory) 


We done need to create. bulk, but deter. perimeter (aw 
rou. Non-genaine lyornic lines Haws ! 
( The is rewindscere of Kennedy - Toon.) 


Application of knowledge of enn ye s 
te QFTs wlo (-frw P 


Let ^ work on an explicit. eg. ul cp qnode| 
2A N-flayor Schwinger mode 


cp^! A 
See 
We interpret Tt as a unit Sphere iin cn 
(oum) ER 
Quatient by 5! ~ Ul) tuples the gauge. thentification 
UE 


pa $ f (rea) 2(* + 28 [ida 
anviliary Ut) gauge field. (a= +2'dz) 
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Comment Cin. 24) 
Comment 
This theory i» asywptotically free 
~In lovge- - N , We Can prove the mass gap, 
~ N22 % an effective theory of (V) d antiferro guantum 
Heisenberg model . 
(iw Hg [est and Ü- misi 


\ 
f €— | order phase transition. fy N23 


2 ordey~ described by SUC), W2W 


br N=2 
ah pene TES 
We first need to specity the 2b bal cms ye 


The Lagrangian is ee UA z— UF 
However, when Ue ae "ite €SU0 W), then, 


d 


Gs u^ xh m a part of the OW gouge trans . 


=> The global sy, that forthtully Acts on gouge WV. op. 
15 given- ey SUN) / Zn 


We want £0 Tnctroduce- the ba. gauge field dor SUW) /Zy ; 


i VET. Tel These. higher form 

Keys (W) pange Field = 

s : UC) ) 2- fore. gouge ff feli oo if 

with the constrint NB= der (47 ) ) pe jet nian 
uot 


Gauge trans. — b PA. 


A- —3 K+A fly This 5 vequiüreot forthe dori. 


gauge trvariance of the 
az a-A a covariant derivative 
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Ol (G2), (6,5) ) 
e 35] Lati iA) Z|" r3 202 
We find the partétion Func, wl (A,B) ls giver by 


Z8L(A,p) J = [Danztn? e; POLE) AB) 1 
U Y we 4L AA As. 
Zoran (B) = € ^ 260 (4,91) 


We find an extra local counter tern 
This i5 a generalized mixed t Hooft ano. b/w SUM) 
and O~ 6424. 
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